Tangent categories provide an axiomatic approach to key structural aspects of differential geometry that exist not only in the classical category of smooth manifolds but also in algebraic geometry, homological algebra, computer science, and combinatorics. Generalizing the notion of (linear) connection on a smooth vector bundle, Cockett and Cruttwell have defined a notion of connection on a differential bundle in an arbitrary tangent category. Herein, we establish equivalent formulations of this notion of connection that reduce the amount of specified structure required. Further, one of our equivalent formulations substantially reduces the number of axioms imposed, and others provide useful abstract conceptualizations of connections. In particular, we show that a connection on a differential bundle E over M is equivalently given by a single morphism K that induces a suitable decomposition of T E as a biproduct. We also show that a connection is equivalently given by a vertical connection K for which a certain associated diagram is a limit diagram.
Introduction
To view a particular geometric space as merely a smooth manifold, merely an analytic space, or merely a scheme sometimes entails neglecting further relevant structure that the space may carry, such as Riemannian or Hermitian structure. In differential geometry, the concept of affine connection captures one such notion of further geometric structure, a notion that is substantially more general than Riemannian structure and yet still gives rise to many important derived phenomena such as geodesics, curvature, parallel transport, and holonomy.
Cockett and Cruttwell [2] have defined a notion of affine connection on an object M of any suitably structured category X , so that the classical notion is recovered when X is the category Mf of smooth manifolds. Cockett and Cruttwell work within the framework of tangent categories [8, 1] , which are categories X in which each object M is equipped with a tangent bundle T M , with an associated morphism p M : T M → M and several further structural morphisms + M , 0 M , M , and c M , satisfying certain axioms. The category Mf is one example of a tangent category, in the company of many other examples, including categories from algebraic geometry, computer science, combinatorics, and homological algebra.
Inspired by formulations of connections established by Ehresmann and by Patterson [7] , Cockett and Cruttwell define an affine connection on a given object M of a tangent category X as a pair (K, H) consisting of morphisms
in X , satisfying certain axioms, where T 2 M = T T M and we write T M × M T M to denote the fibre product of p M : T M → M with itself. The notion of affine connection on a smooth manifold is subsumed by the more general notion of (linear) connection on a vector bundle q : E → M over M , since an affine connection on M is, by definition, a connection on the tangent bundle p M : T M → M of M . In an arbitrary tangent category, one has available a generalization of the notion of vector bundle that is formulated without reference to the ring of real numbers, namely the notion of differential bundle [3] . Explicitly, a differential bundle E = (E, q, σ, ζ, λ)
over an object M of X consists of a morphism q : E → M in X equipped with the structure of a commutative monoid (E, q, σ, ζ) in the slice category X /M , together with a specified morphism λ : E → T E called the lift, satisfying certain axioms. In particular, the tangent bundle p M : T M → M carries the structure of a differential bundle, which we write herein as
where + M , 0 M , M are certain of the structural morphisms possessed by the tangent category X .
Cockett and Cruttwell define a connection [2] on a differential bundle E over M as a pair (K, H) consisting of morphisms
in X , satisfying several axioms; see 3.3 below 1 . A connection in this sense consists of a vertical connection K and a horizontal connection H that are suitably compatible. The authors establish certain conditions under which a horizontal connection H determines a compatible vertical connection K, and vice versa, except that the passage from a vertical connection K to a compatible horizontal connection H is achieved only under the assumption that there exists some (not necessarily compatible) horizontal connection on E [2, Propositions 5.8, 5.9].
In the present paper, we establish equivalent formulations of the above notion of connection that reduce the amount of specified structure required. Further, one of our equivalent formulations substantially reduces the number of axioms imposed, and others provide useful abstract conceptualizations of connections, in terms of the standard notion of biproduct. We show that the original axioms for connections in tangent categories arise as subtle generic features of certain biproducts of differential bundles, and this analysis enables us to remove some of these axioms through a new formulation in terms of just a single morphism K. The fact that we have been able to establish these useful equivalent formulations is a further testament to the coherence and suitability of the original definition of Cockett and Cruttwell.
The key idea that enables our approach to connections is the fact that a connection (K, H) on a differential bundle E over M induces a 'coordinatization' of T E, by providing a decomposition of T E as a fibre product M (1.0.ii) presents T E as such a fibre product. In particular, an affine connection (K, H) allows us to express the second tangent bundle T 2 M as fibre product T 2 M = T M × M T M × M T M over M of three instances of T M . In this way, an affine connection allows secondorder tangent vectors to be expressed as triples of tangent vectors at a common point. In the case where X is the category Mf of smooth manifolds, this phenomenon was discovered by Dombrowski [4] , who defined the map K in terms of a given Koszul connection ∇. As a simple example in Mf, one may take M = R n , so that M carries a canonical affine connection that allows us to express T 2 M as a three-fold fibre product
Herein we show that a connection on a differential bundle E = (E, q, σ, ζ, λ) over M can be described equivalently as a morphism K inducing a fibre product decomposition (1.0.i) that satisfies certain natural further conditions. One of our results of this type is as follows: Theorem 8.2 (2) . A connection on E is equivalently given by a retraction K : T E → E of λ such that T E underlies a product of differential bundles E × M T M × M E over M whose third projection is K and whose first and second partial bundles (5.3) are
respectively.
A product E × M T M × M E satisfying the specified conditions is not only unique up to isomorphism if it exists, but moreover its underlying fibre product diagram in X must be precisely (1.0.ii).
Here we have employed the notion of j-th partial bundle, which we now explain. Given a finite product of differential bundles F = F 1 × M ... × M F n over M , if certain products of differential bundles exist, then the underlying object F acquires the structure of a differential bundle over F j , for each j ∈ {1, ..., n}, which we call the j-th partial bundle of the given product (5.3). For example, the first partial bundle of the given product is the pullback of
The category DBun M of differential bundles over an object M is an additive category, in the sense that it is enriched in commutative monoids, so finite products in DBun M are biproducts, which we also call Whitney sums with a nod to the classical case. It follows that we can reformulate the preceding theorem as follows: Theorem 8.2 (1) . A connection on E is equivalently given by a morphism K : T E → E such that T E underlies a biproduct of differential bundles E ⊕ M T M ⊕ M E over M whose third projection is K, whose third injection is λ, and whose first and second partial bundles are T E and T E, respectively.
The first and second injections of the biproduct are then necessarily 0 E : E → T E and
This formulation in terms of biproducts gives us a straightforward recipe for recovering the associated horizontal connection H:
Given a morphism K as in Theorem 8.2(1), the associated horizontal connection H : E × M T M → T E is the precisely the canonical injection
of the first two factors of the given biproduct.
In the formulation of Cockett and Cruttwell, a morphism K : T E → E is called a vertical connection on the differential bundle E = (E, q, σ, ζ, λ) if it is a retraction of λ and satisfies axioms (C.1) and (C.2) in 3.3 below, while a morphism H : E × M T M → T M is called a horizontal connection on E if it satisfies axioms (C.3) and (C.4) of 3.3. A pair (K, H) consisting of a vertical connection and a horizontal connection is then called a connection if it satisfies two further axioms, (C.5) and (C.6) in 3.3, which demand that K and H be compatible in a suitable sense. Collectively, the resulting axioms for a connection assert the equality of ten pairs of morphisms in X (cf. [2, Lemmas 3.2, 4.4, Def. 5.1]). Cockett and Cruttwell prove that if the tangent category X has negatives, meaning that the commutative monoid structure on T M is an abelian group for each object M , then for any horizontal connection H on E there is an associated vertical connection K such that (K, H) is a connection [2, Prop. 5.8] . Again supposing that X has negatives, Cockett and Cruttwell also prove a result in the opposite direction, except with an additional hypothesis: If K is a vertical connection on E and there exists a horizontal connection on E, then we can associate to K a horizontal connection H for which (K, H) is a connection [2, Prop. 5.9].
Without assuming negatives or the existence of a horizontal connection on the given differential bundle E, we prove herein that if a vertical connection K satisfies the further assumption that (1.0.ii) is a fibre product diagram in X , then there is a unique horizontal connection H on E such that (K, H) is a connection. This leads to the following economical formulation of connections: Theorem 8.2 (3) . A connection on E is equivalently given by a vertical connection K : T E → E on E such that (1.0.ii) is a fibre product diagram in X .
Thus we have obtained an equivalent formulation of connections in terms of a single morphism K that is required to satisfy the equational axioms for a vertical connection (3.3) (representing a total of four equations) together with a single 'exactness' axiom. We call a vertical connection K satisfying this additional axiom an effective vertical connection. It follows that a vertical connection K is effective if and only if there exists a (necessarily unique) horizontal connection H such that (K, H) is a connection (8.1).
Looking toward future work in tangent categories, the axiomatic simplicity and conceptual insights afforded by the above formulations of connections hold the potential to facilitate work with connections and guide the exploration of notions of higher-order connection 2 that suitably decompose the higher tangent bundles.
Background

Basic categorical notions and notations
2.1.1. With regard to basic categorical matters, we shall mostly adhere to the notational conventions of [1] , which are very efficient for some kinds of equational reasoning in tangent categories but require a mild departure from common notations for functor application and whiskering, as follows. Given morphisms f : A → B and g : B → C in a category C , we denote the associated composite morphism A → C by f g, thus employing diagrammatic composition order unless otherwise indicated. Nevertheless, the result of applying a functor H to a morphism g is written as H(g). Correspondingly, we will write the composite of functors G : B → C and H : C → D in non-diagrammatic order as HG (even though this is not the practice in [1] ). Given a natural transformation γ : G ⇒ G : B → C and functors F : A → B and H : C → D, we denote the resulting 'whiskered' natural transformations by H(γ) : HG ⇒ HG and γ F : GF ⇒ GF . Given a product of a sequence of n objects in a given category, where n is a natural number, we denote the product projections by π 1 , ..., π n so that our notation accords directly with locutions such as "the first projection" (cf. [1, p. 334] ).
All given categories herein are assumed locally small.
2.1.2.
Given an object C of a category C , we shall denote by C /C the slice category over C , whose objects we shall write as pairs (B, f ) consisting of an object B of C equipped with a morphism f : B → C in C . We will sometimes omit explicit mention of the associated morphism f . Given a family of morphisms (f i : B i → C) i∈I in C , a fibre product (over C) of the family (f i ) i∈I is, by definition, a product in C /C of the family of objects (B i , f i ) (i ∈ I). We shall denote such a fibre product by M i∈I (B i , f i ), or M i∈I B i when the associated morphisms f i are understood. When I = {1, 2, ...n} for some n natural number n ∈ N, we will often denote such a fibre product by
A fibre product of (f i ) i∈I in C is equivalently described as a limit, in C , of the diagram consisting of the object C together with the morphisms f i : B i → C (i ∈ I). In the case where I is empty, a cone for this diagram is given by just a single object of C /C. On the other hand, if I is nonempty, then a cone for this diagram is equivalently given by an object A of C equipped with a family of morphisms (g i : A → B i ) i∈I with the property that g i f i = g j f j for all i, j ∈ I. Still supposing that I is nonempty, a fibre product M i∈I B i over C is equipped with a universal such family (π i : M i∈I B i → B i ) i∈I , which is therefore a jointly monic family of morphisms in C . We shall call the diagram in C consisting of the morphisms π i and f i (i ∈ I) a fibre product diagram.
Given a single morphism f : B → C in C and a natural number n, an n-th fibre power of f in C is, by definition, a fibre product over C of the constant family (f : B → C) i∈N, 1 i n . The n-th fibre power of f shall be denoted by f (n) : B n/C → C. A (finite) biproduct of a given finite family of objects (A i ) i∈I in an additive category A is, by definition, an object A = ⊕ i∈I A i of A equipped with morphisms
where the latter finite sum is taken in the commutative monoid A (A, A). We call the morphisms π i and ι i projections and injections, respectively. Clearly any additive functor F : A → B preserves finite biproducts, in the evident sense.
Given a finite biproduct A = ⊕ i∈I A i in an additive category A , the associated morphisms π i necessarily present A as a product Π i∈I A i in A , and the morphisms ι i present A as a coproduct 3 i∈I A i in A . Conversely, any finite product Π i∈I A i in an additive category A necessarily carries the structure of a biproduct ⊕ i∈I A i . Indeed, the needed morphisms ι i : A i → A are uniquely defined by conditions (1) and (2) in the above definition of biproduct.
As a consequence, every additive functor preserves finite products.
2.2.2.
Given an arbitrary category C , we denote by CMon(C ) the category of commutative monoids in C . Explicitly, an object C of CMon(C ) is given by an object | C | of C equipped with specified finite powers | C | n (n ∈ N) and morphisms 0 : 1 → | C | and + : | C | 2 → | C | satisfying the usual diagrammatic associativity, commutativity, and unit axioms; a morphism in CMon(C ) is given by a morphism in C that preserves the operations 0 and +. Hence CMon(C ) is isomorphic to the category of T -algebras in C for the Lawvere theory T of commutative monoids. Note that CMon(C ) carries the structure of an additive category (2.2.1), with the obvious 'pointwise' addition operation on morphisms. Hence finite products in CMon(C ) are equivalently described as finite biproducts in CMon(C ). Further, finite products in CMon(C ) are formed as in C : Proposition 2.2.3. Let (C i ) i∈I be a finite family of commutative monoids in an arbitrary category C , with underlying objects | C i | in C . Then a product i∈I C i in CMon(C ) is equivalently given by a product X = i∈I | C i | in C equipped with specified finite powers X n in C (n ∈ N).
Proof. Given a product X = i∈I | C i | in C with specified finite powers, it is well-known and easily verified that there are unique morphisms + : X 2 → X and 0 : X 0 → X in C such that C = (X, +, 0) is a commutative monoid and the projections π i : X → | C i | are morphisms of commutative monoids π i : C → C i . Conversely, let C = i∈I C i be a product in CMon(C ). Given any object Z of C , the functor C (Z, −) : C → Set preserves finite products and hence lifts to an additive functor C (Z, −) * : CMon(C ) → CMon(Set), which necessarily preserves finite products, by 2.2.1. The forgetful functor CMon(Set) → Set preserves limits, so the composite functor 
, which is therefore a product cone in Set. Therefore, the morphisms
Remark 2.2.4. The preceding proposition shows that the forgetful functor CMon(C ) → C preserves finite products, even if it does not have a left adjoint and C does not have finite products. By contrast, familiar arguments to the effect that algebraic functors preserve limits do not apply in such circumstances.
2.2.5.
Let X be an arbitrary category. Given an object M of X , a commutative monoid over M , also called an additive bundle over M is, by definition, a commutative monoid ((E, q), +, 0) in the slice category C /M (so that q : E → M in X ). In view of 2.2.2, every commutative monoid (E, q, +, 0) over M is equipped with an n-th fibre power q (n) : E n/M → M of q for each n ∈ N. Given commutative monoids E = (E, q, +, 0) and F = (F, r, +, 0) over M and N , respectively, a morphism of additive bundles (g, f ) : E → F consists of a pair of morphisms g : E → F and f : M → N in X with qf = gr such that the diagrams
commute, where g × g = π 1 g, π 2 g denotes the morphism induced by g on each factor.
Tangent categories
2.3.1. Let X be a category equipped with an endofunctor T : X → X and a natural transformation p : T → 1 X . Suppose that for each object M of X and each natural number n ∈ N, the morphism p M : T M → M has an n-th fibre power
in X that is preserved by the m-fold composite functor T m for each m ∈ N. These fibre powers induce a functor T n : X → X for each n ∈ N. Given natural transformations + :
(Notation)
. Given an object M of a category X equipped with an additive bundle structure T = (T, p, +, 0), let
denote the associated commutative monoid over M . In particular, T 2 M = T T M carries the structure of a commutative monoid over T M , namely
Also, given any commutative monoid E = (E, q, σ, ζ) over M , whose addition and zero morphisms we write as σ : E × M E → E and ζ : M → E, respectively, note that if T preserves finite fibre powers of q then
is a commutative monoid over T M in X . In particular, this entails that
is a commutative monoid over T M in X , so that T 2 M thus carries two canonical commutative monoid structures over T M .
2.3.3.
By definition, a tangent category [1] is a category X equipped with an additive bundle structure T = (T, p, +, 0) and natural transformations
called the vertical lift and the canonical flip, such that
are morphisms of additive bundles (2.2.5);
2. the following equations hold (recalling our notations for whiskering 2.1.1)
3. the axiom of universality of the vertical lift [1, 2.3] holds.
We say that a tangent category X has negatives if for every object . Letting V = R n be a finite-dimensional vector space, we can express the tangent bundle of V as the first
given by x → (x, 0). The second fibre power T 2 V → V of p V may be expressed as the first projection π 1 : V 3 → V , and the fibrewise addition map + V :
Since the 'total space' T V = V 2 of the tangent bundle of V = R n is itself a finitedimensional vector space, its tangent bundle p T V :
which (upon omitting parentheses) we may express as
Hence we regard an element δ = (x, t, u, v) of T 2 V = V 4 as consisting of a basepoint x, a tangent vector t at x, and a tangent vector (u, v) at (x, t). Further, we regard u as a tangent vector at x, and we regard v as a tangent vector at t (since the
. For this reason, we think of v as a second-order tangent vector, whereas we regard t and u as first-order tangent vectors. The canonical flip c V :
The map T (p V ) : T 2 V → T V can be expressed as
Remark 2.3.5. It is important to note that a tangent category X is not assumed to have pullbacks. Indeed, the category of smooth manifolds Mf (2.3.4) does not have all pullbacks. However Mf does have certain pullbacks, including pullbacks of submersions along arbitrary smooth maps; a smooth map f : X → Y is called a submersion if its differential T (f ) is fibrewise surjective, in the sense that for any x ∈ X and any tangent vector w at f (x) on Y , there exists a tangent vector v at x on X with (T (f ))(v) = w.
Differential bundles
Throughout the remainder of the paper, X will denote a given tangent category.
1. for all m, n ∈ N, the m-th fibre power of q is preserved by T n ;
2. (λ, 0 M ) : E → T E is a morphism of additive bundles;
3. (λ, ζ) : E → T E is a morphism of additive bundles;
4. the following diagram is a pullback that is preserved by each T n
where proj = π 1 q = π 2 q denotes the projection and µ is the composite
By 2.2.5, a differential bundle (E, q, σ, ζ, λ) is equipped with a specified fibre power
This differential bundle, which we shall denote also by Example 2.4.4. Given any differential bundle E = (E, q, σ, ζ, λ) over M , there is an associated differential bundle
over T M , whose lift morphism is the composite T E
Note that the notation (2.4.i) extends our similar notation for additive bundles (2.3.i).
2.4.5.
Given differential bundles E = (E, q, σ, ζ, λ) and F = (F, r, σ , ζ , λ ) over M and N , respectively, a linear morphism of differential bundles (g, f ) : E → F consists of a pair of morphisms g : E → F and f : M → N in X such that qf = gr and λT (g) = gλ . Remarkably, any linear morphism of differential bundles (g, f ) : E → F is automatically a morphism of additive bundles [3, Prop. 2.16], i.e., it follows that (g, f ) preserves the commutative monoid structures. With these morphisms, differential bundles over various bases are the objects of a category DBun.
If E and F are both differential bundles over M , then a linear morphism of differential bundles over M , written g : E → F , is given by a morphism g : E → F in X such that (g, 1 M ) : E → F is a linear morphism of differential bundles. With these morphisms, differential bundles over M are the objects a category DBun M .
2.4.6. We shall say that differential bundles E and F over M are concretely isomorphic if there is an isomorphism E → F in DBun M that is sent by the forgetful functor DBun M → X /M to an identity morphism. Hence E and F are concretely isomorphic iff their underlying objects (E, q) and (F, r) of X /M are identical and the identity morphism on E = F is an isomorphism E ∼ = F in DBun M . If this is the case, then E and F are identical iff they have the same specified n-th fibre power of q = r for each n ∈ N (cf. 2.4.1). Note that if E = (E, q, σ, ζ, λ) and F = (F, r, σ , ζ , λ ) are concretely isomorphic, then E = F , q = r, ζ = ζ , and λ = λ , so E and F differ only insofar as they may have different specified fibre powers of q = r and addition morphisms σ, σ that are merely isomorphic (as objects of X /E).
It is shown in [3, Lemma 2.7] that one can 'pull back' a differential bundle along a morphism in X , provided that certain assumptions are satisfied. The precise assumptions needed are expressed within the discussion that precedes Lemma 2.7 of [3] , and so the result can be stated explicitly as follows: Lemma 2.7] ). Let E = (E, q, σ, ζ, λ) be a differential bundle over M , and for each m ∈ N, let q (m) denote the m-th fibre power of q. Suppose that f : N → M is a morphism in X such that the pullback of q (m) along f exists in X for each m and is preserved by T n for each n ∈ N. Then the pullback f * (q) : N × M E → N of q along f carries the structure of a differential bundle f * (E) over N . Further,
is linear morphism of differential bundles, where f : N × M E → E is the pullback of f along q. Moreover, the morphism (2.4.ii) in DBun is a cartesian arrow, over f , with respect to functor cod : DBun → X that sends each differential bundle (F, r, σ , ζ , λ ) to the codomain of r.
2.4.8.
If the assumptions of 2.4.7 are satisfied, then we say that the differential bundle E has a pullback along f , or that the pullback of E along f exists. Let us assume for the moment that this is the case. We then call f * (E) the pullback of E along f . More precisely, a pullback of E along f is a differential bundle F equipped with a cartesian arrow α : F → E over f with respect to cod : DBun → X . Any two such differential bundles are isomorphic, so we call each of them the pullback. Moreover, given any two pullbacks (F , α) and (G, β) of E along f : N → M , there is a unique isomorphism F ∼ = G in DBun N that commutes with the cartesian arrows α, β in DBun.
Hence, in view of the construction of f * (E) in 2.4.7 we find that for any given pullback (F , α) of E along f , if we write F = (F, r, σ , ζ , λ ) and α = (α 1 , α 2 ), then the square
is a pullback in X , which we call the pullback in X underlying (F , α), or simply the pullback in X underlying α. Still assuming that the pullback f * (E) exists, if α : F → E is any given morphism over f in DBun, then α is cartesian if and only if the commutative square underlying α is a pullback square in X ; indeed, any such morphism α factors through the pullback f * (E) → E by way of unique morphism φ : F → f * (E) in DBun N , and if the square underlying α is a pullback it follows that φ is an isomorphism in X /N and hence in DBun N . Note also that if two pullbacks (F , α) and (G, β) of E along f have the same underlying pullback in X , then F and G are concretely isomorphic as differential bundles over N (2.4.6).
Review of connections in tangent categories
The paper [2] defines a notion of connection on a differential bundle E = (E, q, σ, ζ, λ) over an object 3.1 (Basic Condition). For all natural numbers m, n ∈ N, there is an associated fibre product
, and this fibre product is preserved by T k for each k ∈ N.
Rather than building this condition into the definition of differential bundle, we will retain the original definition [3, Def. 2.3], which we reviewed in 2.4.1.
It is noted in
Let us fix a differential bundle E = (E, q, σ, ζ, λ), over M , satisfying Basic Condition 3.1. Then, in view of 2.4.8, the following pullbacks of differential bundles exist: (1) the pullback p * M (E) of E along p M : T M → M , and (2) the pullback q * (T M ) of T M along q : E → M . Therefore the object E × M T M of X carries two differential bundle structures, namely p * M (E) and q * (T M ), over T M and over E, respectively. Definition 3.3 (Cockett and Cruttwell [2] ).
1. A vertical connection on E is a morphism K : T E → E in X such that K is a retraction of λ : E → T E and satisfies the following axioms:
such that H is a section of U = p E , T (q) and satisfies the following axioms:
→ T E is a linear morphism of differential bundles. 3. A connection on E is a pair (K, H) consisting of a vertical connection K and a horizontal connection H, on E, such that the following axioms hold:
where µ : E × M E → T E is as defined in 2.4.1 and we write + in infix notation to denote the binary operation defined as follows: Apply the finite-productpreserving functor (X /E)((T E, p E ), −) : X /E → Set to the commutative monoid (T E, p E , + E , 0 E ) in order to obtain a commutative monoid structure on the homset (X /E)((T E, p E ), (T E, p E )).
A connection (K, H)
on E is said to be an affine connection on M if E = T M .
3.4.
Given a vertical connection K on E, there is at most one horizontal connection H such that (K, H) is a connection on E. Indeed, this is proved in [2, Prop. 5.7] , where it is also proved that for a given horizontal connection H on E there is at most one vertical connection K such that (K, H) is a connection on E. 1. Let K be a vertical connection on E. Suppose that X has negatives (2.3.3), and suppose that E carries at least one horizontal connection. Then there is an associated horizontal connection H on E such that (K, H) is a connection.
2. Let H be a horizontal connection on E, and suppose that X has negatives. Then there is an associated vertical connection K on E such that (K, H) is a connection.
Example 3.6 (The canonical affine connection on R n ). Continuing Example 2.3.4, let X = Mf be the category of smooth manifolds, and let V = R n , considered as an object of Mf. In view of 3.5, one can consult [2, Example 3.5] for a treatment of the various affine connections on V ; we now consider one particularly simple example. There is a connection (K, H) on T V in which 7
The domain of the map H is the fibre product T V ×
With this convention, H is given as follows:
Biproducts of differential bundles: Whitney sums
In the sections that follow, we shall establish a useful equivalent formulation of connections in tangent categories. As a key ingredient in this study of connections, we now examine closely the formation of products and biproducts of differential bundles over a fixed base. The paper [3] constructs finite products of differential bundles over a fixed base object, under certain assumptions on the given tangent category X and the bundles involved. In the present section, we instead treat the question of existence of the product of a given finite family of differential bundles over an object M of an arbitrary tangent category. But first let us begin with the following observation:
Proposition 4.1. The category DBun M of differential bundles over M is an additive category. Hence finite products in DBun M are biproducts (2.2.1).
Proof. By 2.4.5, there is a faithful 'forgetful' functor DBun M → A , where A = CMon(X /M ). Hence, since A is an additive category (2.2.2) it suffices to show that for any pair of differential bundles E = (E, q, σ, ζ, λ), F = (F, r, σ , ζ , λ ), the subset
is a submonoid, where we do not distinguish notationally between a differential bundle and its underlying commutative monoid. The zero element of the commutative monoid 7 Recall that we write the base-point x in the leftmost coordinate of an element (x, t, u, v) of T 2 V = V 4 (2.3.4), thus writing the components of (x, t, u, v) in an order opposite to that employed in [2] ; cf. Footnote 5.
A (E, F ) is the composite qζ : E → F , which is a morphism of differential bundles over M since λT (qζ ) = λT (q)T (ζ ) = q0 M T (ζ ) = ζ λ , using 2.4.1 (2) . Also, given linear morphisms of differential bundles f, g : E → F , their
− → F , which we claim is a morphism of differential bundles over M . Indeed, we have a diagram
Hence the leftmost square commutes since f and g are morphisms of differential bundles over M , and the rightmost square commutes by 2.4.1(2).
Proposition 4.2. There is an additive functor
that sends each differential bundle E over M to the differential bundle T E over T M defined in 2.4.4 and sends each morphism f to T (f ).
Proof. Given f : E → F in DBun M , where E = (E, q, σ, ζ, λ) and F = (F, r, σ , ζ , λ ), we deduce that T (f ) : T E → T F is a morphism in DBun T M since T (f )T (r) = T (f r) = T (q) and the diagram
commutes, using the naturality of c and the fact that f is a morphism of differential bundles over M . Given a pair of morphisms f, g : E → F in DBun M , their sum f + g is the top row in the diagram (4.1.i), so T (f +g) is the bottom row in (4.1.i). But we noted in the proof of the preceding Proposition that the morphism T ( f, g ) appearing in that same diagram (4.
1.i) can be described equally as T (f ), T (g) : T E → T F × T M T F , so the bottom row in (4.1.i) is precisely the sum T (f ) + T (g) in DBun T M (T E, T F ).
Also, the zero element of DBun M (E, F ) is the composite qζ : E → F , which is sent by T to the zero element T (q)T (ζ ) of DBun T M (T E, T F ).
Lemma 4.3. The forgetful functor DBun M → X /M preserves finite products.
Proof. In view of the proof of 4.1, we know that the forgetful functor DBun M → CMon(X /M ) is additive and hence preserves finite products (by 2.2.1). Hence we may invoke 2.2.4 to deduce that the composite functor DBun M → CMon(X /M ) → X /M preserves finite products.
Proposition 4.4.
Let (E i ) i∈I be a finite family of differential bundles over a fixed object M in an arbitrary tangent category X , and write E i = (E i , q i , σ i , ζ i , λ i ). Then a product i∈I E i in DBun M is equivalently given by a fibre product (E, q) = M i∈I (E i , q i ) in X that is preserved by each T n (n ∈ N) and, for each m ∈ N, a specified m-th fibre power of q that is preserved by each T n .
Proof. First suppose we are given a fibre product (E, q) = M i∈I (E i , q i ) in X that is preserved by each T n (n ∈ N) and has finite fibre powers in X that are preserved by each T n . By 2.2.3, (E, q) carries the structure of a product (E, q, σ, ζ) = i∈I (E i , q i , σ i , ζ i ) in CMon(X /M ). By hypothesis, the product projections
in X /T M , which therefore induce a morphism λ : (E, q0 M ) → (T E, T (q)). It is now a straightforward exercise to show that the underlying morphism λ : E → T E makes (E, q, σ, ζ, λ) a differential bundle over M , and indeed a product i∈I E i in DBun M ; we shall not dwell on these calculations here, since this was treated in [3, §5] under slightly different assumptions.
The converse, however, is completely new, and we now provide a full proof. Suppose we are given a product i∈I E i in DBun M . Let us abuse notation by writing T : DBun M → DBun T M to denote the additive functor defined in 4.2. For each n ∈ N, we can repeatedly invoke 4.2 and by composition define an additive functor T n : DBun M → DBun T n M , given on objects by E → T n E. Moreover we obtain a commutative diagram
in which the left and right sides are the forgetful functors and the bottom side is the evident functor induced by T n : X → X . But since the top side is an additive functor and hence preserves finite products (2.2.1), we can invoke the preceding lemma (4.3) to deduce that the clockwise composite in (4.4.i) preserves finite products. By the same lemma, the forgetful functor DBun M → X /M preserves finite products and hence sends the finite product i∈I E i to a fibre product (E, q) = M i∈I (E i , q i ) in X that is preserved by T n (since the composite in (4.4.i) preserves finite products). But since (E, q) underlies a differential bundle, namely i∈I E i , we know that q has finite fibre powers that are preserved by T n : X → X for each n, by 2.4.1(1).
Using 2.2.3, it is straightforward to show that the above assignments are mutually inverse.
Corollary 4.5. Every differential bundle over M has finite powers in DBun M .
(Notation and terminology).
Given a finite family of differential bundles (E i ) i∈I over M with a product in DBun M , we will denote this product by M i∈I E i . Such a We now show that E carries the structure of a differential bundle over E j , for each j ∈ I, which we call the j-th partial bundle of the product Remark 5.4. It is immediate from Definition 5.3 that if P = (P, q j , σ j , ζ j , λ j ) is a j-th partial bundle of the product E = M i∈I E i , then P = E, and the associated morphism q j : P → E j is the projection π j : E → E j . Further, the cartesian arrow α = (α 1 , α 2 ) in 5.3 necessarily consists of the top and bottom sides of the pullback square (5.1.i), i.e. α 1 = π I\{j} and α 2 = q j . Since α is thus uniquely determined, we obtain the following characterization of the j-th partial bundle:
Proposition 5.5. Suppose we are given data as in 5.1, and let j ∈ I. Then a differential bundle P over E j is a j-th partial bundle of E = M i∈I E i if and only if the following conditions hold: (1) The object of X /E j underlying P is the projection π j : E → E j , and (2) the commutative square (5.1.i) underlies a linear morphism of differential bundles (π I\{j} , q j ) : P → M i∈I\{j} E i .
Proof. By 5.4, if P is a j-th partial bundle then the given conditions hold. Conversely, if the given conditions hold, then since the commutative square underlying α = (π I\{j} , q j ) : P → M i∈I\{j} E i is a pullback in X , it follows that α is a cartesian arrow in DBun, by 2.4.8 (and 5.2), so P is a j-th partial bundle of the given product.
This leads us to the following concrete characterization of the j-th partial bundle: Proposition 5.6. Suppose that we are given data as in 5.1, and let j ∈ I.
1. The j-th partial bundle of the product E = M i∈I E i is a differential bundle P over E j that is uniquely characterized, up to concrete isomorphism (5.3), by the following statements: (a) the object of X /E j underlying P is the projection π j : E → E i , and (b) (π i , q j ) : P → E i is a linear morphism of differential bundles, for each i ∈ I\{j}.
2. Letting P = (E, π j , σ j , ζ j , λ j ) be the j-th partial bundle of E = M i∈I E i , the following diagrams commute, where proj denotes the projection morphism. For a given choice of fibre product E × E j E, the commutativity of these diagrams uniquely characterizes σ j , ζ j , and λ j .
3. The zero section ζ j : E j → E carried by the j-th partial bundle P is precisely the injection ι j : E j → E associated to the biproduct E = ⊕ M i∈I E i .
Proof. Let us first show that any j-th partial bundle P satisfies conditions 1(a,b). By 5.5 we know that (a) holds. For each i ∈ I\{j}, we can apply 5.5 in order to obtain a composite morphism
in DBun, but this composite is precisely (π i , q j ) : P → E i , so (b) holds. Next note that if an arbitrary differential bundle P = (P, q j , σ j , ζ j , λ j ) over E j satisfies conditions 1(a,b) , then the diagrams (5.6.i) commute since linear morphisms are additive (2.4.5), and the diagrams (5.6.ii) commute since P is a differential bundle. Since the fibre product E = M i∈I E i is preserved by T (4.4) , the equations that assert commutativity of (5.6.i) and (5.6.ii) uniquely characterize λ j , σ j , and ζ j once the second fibre power E × E j E is chosen.
It follows that any differential bundle P satisfying conditions 1(a,b) is uniquely characterized up to concrete isomorphism by 1(a) together with the commutativity of the diagrams (5.6.i) and (5.6.ii). Hence any two differential bundles over E j that satisfy 1(a,b) are concretely isomorphic.
Thus 1 and 2 are proved. For 3, recall from 2.2.1 that the morphism ι j : E j → E = ⊕ M i∈I E i in DBun M is uniquely defined by the equations ι j π j = 1 E j and ι j π i = 0 (i ∈ I\{j}), where we write 0 for the zero element of the commutative monoid DBun M (E j , E i ). Explicitly, this zero element is the composite q j ζ i that appears in (5.6.i). Hence if we substitute the morphism ι j : E j → E in place of ζ j within the rightmost diagrams in (5.6.i) and (5.6.ii), respectively, then the resulting two diagrams commute. But by 2, the commutativity of these diagrams uniquely characterizes ζ j , so ι j = ζ j . j-th partial bundle) . By forming the j-th partial bundle of a product E = M i∈I E i , we equip E with the structure of a commutative monoid (E, π j , σ j , ζ j ) in X /E j (5.6). Hence for each object (X, x) of X /E j , the hom-set
(Addition in the
acquires the structure of a commutative monoid, whose addition operation we shall write as + j . We call + j the operation of addition with respect to the j-th partial bundle of the given product.
In order to characterize this addition operation + j , first recall that for any object X of X , a morphism f : X → E = M i∈I E i is equivalently given by a family of morphisms
, respectively, if we assume that f j = g j then upon setting x = f j = g j we find that f, g : (X, x) → (E, π j ) in X /E j , so we can consider the sum
In order to characterize this sum, first note that for each i ∈ I we can construe f i and
With this notation, we obtain the following:
Proposition 5.8. Given morphisms f, g : X → E = M i∈I E i in X such that f j = g j , the sum f + j g : X → E is uniquely characterized by the following equations
, where we write + to denote the addition operation that is carried by the homset (X /M )((X, x M ), (E i , q i )) and is induced by the commutative monoid (E,
Proof. It is straightforward to employ 5.6(2) to show that the given equations hold. The needed uniqueness follows from the fact that the projections π i : E → E i (i ∈ I) are jointly monic in X , since I = ∅ (2.1.2).
The biproduct decomposition determined by a connection
Let E = (E, q, σ, ζ, λ) be a differential bundle over M , and assume that E satisfies Basic Condition 3.1. Let us begin by recalling the following proposition of Cockett and Cruttwell:
is a connection on E, then the following is a fibre product diagram in X :
We shall now show that this diagram underlies a biproduct of differential bundles E ⊕ M T M ⊕ M E whose first and second partial bundles are T E and T E, respectively. In section 8 we show that this leads to a useful equivalent formulation of connections in terms of just K, rather than both K and H. Lemma 6.2. Let K : T E → E be a morphism in X . Then the following are equivalent:
1. The diagram (6.1.i) is a fibre product diagram.
T E underlies a biproduct of differential bundles
over M with the following projections:
Proof. By 4.10, the set of differential bundles {E, T M } has finite products over M . Therefore a product E × M T M × M E exists in DBun M , so this follows from 4.7 and 4.1.
Remark 6.3. Condition 2 in Lemma 6.2 asserts the existence of a biproduct of with certain further properties. However, by 4.7, a biproduct (6.2.i) with projections as in (6.2.ii) is unique up to concrete isomorphism (2.4.6), if it exists. Explicitly, if both F and G are biproducts of the form (6.2.i) and satisfy (6.2.ii), then the objects (F, r) and (G, s) of X /M underlying F and G are identical, and the identity morphism on F = G is an isomorphism F ∼ = G in DBun M ; further, the biproduct projections and injections associated to these biproducts F , G are identical.
Lemma 6.4. Let K : T E → E be a retraction of the lift morphism λ in X , and suppose that T E underlies a given biproduct of differential bundles E ⊕ M T M ⊕ M E with projections as given in (6.2.ii).
1. K is a vertical connection on E if and only if the first and second partial bundles of the given biproduct E ⊕ M T M ⊕ M E are T E and T E, respectively.
2. If the equivalent conditions in 1 hold, then the injections of the given biproduct E ⊕ M T M ⊕ M E are as follows:
Proof. In order to prove 1, first recall that T E = (T E, p E , + E , 0 E , E ) is a differential bundle over E whose underlying object of X /E is (T E, p E ). Hence we deduce by 5.6 that T E is the first partial bundle of the given biproduct (6. 
commutes, by 2.3.3(1,2) and the naturality of p.
Suppose that the equivalent conditions in 1 hold. We deduce by 5.6 that the injections ι 1 and ι 2 of the biproduct (6.2.i) are the zero sections of the first and second partial bundles T E and T E, respectively, i.e. ι 1 = 0 E and ι 2 = T (ζ). The morphism ι 3 : E → E ⊕ M T M ⊕ M E is uniquely characterized by the equations ι 3 π 1 = 0, ι 3 π 2 = 0, and ι 3 π 3 = 1 E , where we write 0 to denote the zero morphisms 0 : E → E and 0 : E → T M in the additive category DBun M . Hence, using explicit formulae for these zero morphisms, we find that the underlying morphism ι 3 : E → T E in X satisfies the equations ι 3 p E = qζ : E → E, ι 3 T (q) = q0 M : E → T M , and ι 3 K = 1 E : E → E. But by 2.4.1 (2, 3) and the fact that K is a retraction of λ, we know that λ : E → T E satisfies the analogous equations λp E = qζ, λT (q) = q0 M , and λK = 1 E . Hence, since the projections π 1 = p E , π 2 = T (q), π 3 = K are jointly monic in X (by 2.1.2), we deduce that ι 3 = λ.
The first and second partial bundles of the biproduct
and
respectively.
Note that the conclusions of this theorem make no reference to the horizontal connection H and, by Lemmas 6.2 and 6.4, they hold for any vertical connection K having a certain additional property. We now make this explicit. Definition 6.6. An effective vertical connection on E is a vertical connection K : T E → E on E such that (6.1.i) is a fibre product diagram in X . Theorem 6.7. If K : T E → E is an effective vertical connection on E, then statements 1 and 2 of Theorem 6.5 hold.
Definition 6.8. We call the differential bundle
in Theorem 6.5 the total bundle for the given connection. Unlike T E and T E, the total bundle is a differential bundle over M , and its underlying object of X /M is the composite q = p E q : T E → M . We call σ the total addition on T E, and we call ζ and λ the total zero and total lift on T E, respectively. Example 6.9 (The total bundle for the canonical connection). In Example 3.6, we considered the case where X = Mf, M = V = R n , and E = T V , and we examined a connection (K, H) on T V = (T V, p V , + V , 0 V , V ), namely the canonical affine connection on V . Here T V = V 2 , and p V = π 1 : V 2 → V (2.3.4). By 6.5, the connection (K, H) equips T 2 V = V 4 with the structure of a biproduct of differential bundles
over V with projection morphisms 9
:
for which the given explicit formulae were developed in 2.3.4 and 3.6. The total addition is the map
that sends a pair of 4-tuples of the form (x,
given by x → (x, 0, 0, 0). In order to characterize the total lift V , let us first describe the maps
obtained by applying T to the projections in (6.9.ii). Concretely, we can form the tangent bundle
with its first projection to V 4 as p T 2 V . Since T 2 V = V 4 and T V = V 2 are finite dimensional R-vector spaces, and the maps in (6.9.ii) are R-linear, it follows that
Further, since the projections
are linear morphisms of differential bundles, we know that the diagrams
commute. Using these facts, it is now straightforward to show that the total lift is given by
9 Recall that in 6.5 we chose a specific order for the three projections in question (Footnote 8). In fact, we chose this order so that in the present example the successive projections capture the top-three coordinates π 2 , π 3 , π 4 of T 2 V = V 4 in ascending order. Per our convention in 2.3.4, the highest-order component of T 2 V = V 4 appears in the rightmost factor, and so we have adopted a similar convention for the biproduct (6.9.i).
The induced horizontal connection
In the present section, we show that for any effective vertical connection K there is a unique horizontal connection H such that (K, H) is a connection. Again let E be a differential bundle over M , satisfying Basic Condition 3.1. By Theorem 6.7, we know that any effective vertical connection K on E endows T E with the structure of a biproduct of differential bundles
and we will now show that the canonical injection of E ⊕ M T M into the latter biproduct is a horizontal connection H on E. To this end, we will employ the biproduct decomposition (7.0.i) in order to re-interpret the axioms for a horizontal connection H (3.3 (2)), and also the compatibility axioms between K and H (3.3(3)). Our analysis will be rendered more tractable by working with three arbitrary differential bundles F 1 , F 2 , F 3 over M , but the reader is urged to keep in mind the case where these bundles are E, T M , E, respectively.
7.1 (Notation). Let F 1 , F 2 , F 3 be differential bundles over M , and write
Assume that the set of differential bundles {F 1 , F 2 , F 3 } has finite products over M (4.8). Let
be a biproduct of differential bundles over M , and let (F, r) denote the object of X /M underlying F , so that F is a fibre product
. Given any enumeration i, j, k of all the elements of {1, 2, 3}, we write
to denote the canonical injection, defined by the equations ι ij π i = π 1 , ι ij π j = π 2 , and ι ij π k = 0, where 0 denotes the relevant zero morphism in the additive category DBun M . Also, let us write
Whereas the object F of X underlies the differential bundle F over M , we deduce by 5.3 that F also carries the structure of a differential bundle over F j for each j = 1, 2, 3, namely the j-th partial bundle of the biproduct
Writing the elements of the complement {1, 2, 3}\{j} as i, k, we can express the j-th partial bundle of the latter biproduct as
thus employing the notational conventions of §5.
Lemma 7.2. Suppose we are given data as in 7.1. Then the injection
is the unique morphism H : F 1 × M F 2 → F in X satisfying the following conditions:
is a linear morphism of differential bundles over F 1 , where r * 1 (F 2 ) and r * 1 (F 2 ⊕ M F 3 ) denote the first partial bundles of the biproducts
is a linear morphism of differential bundles over F 2 , where r * 2 (F 1 ) and r * 2 (F 1 ⊕ M F 3 ) denote the second partial bundles of the biproducts
3. The following diagram commutes
where proj denotes the projection.
Proof. For the needed uniqueness, suppose that H satisfies the given conditions. Then conditions 1 and 2 entail that the diagram
commutes for i = 1, 2. Also, the counterclockwise composite in (7.2.i) is the zero morphism 0 : F 1 ⊕ M F 2 → F 3 in DBun M , so since the projections π 1 , π 2 , π 3 are jointly monic in X (2.1.2) we deduce that H = ι 12 .
Next, letting H = ι 12 , we show that H satisfies the given conditions. Let
denote the injection morphism in DBun M . By 2.4.7, there are cartesian arrows
in DBun F 1 . Explicitly, the morphism in X underlying r * 1 (κ) is
Hence r * 1 (κ) = H, so 1 holds. A similar argument shows that 2 holds. Further, 3 clearly holds. Theorem 7.3. Let K : T E → E be an effective vertical connection on E = (E, q, σ, ζ, λ). Then T E underlies a biproduct E ⊕ M T M ⊕ M E whose associated injection
Further, H is the unique horizontal connection on E such that (K, H) satisfies axiom 3.3(C.5).
Proof. By 6.7 we know that T E underlies a biproduct E ⊕ M T M ⊕ M E whose first and second partial bundles are T E and T E, respectively, and whose projections are π 1 = p E , π 2 = T (q), π 3 = K. Letting F 1 = E, F 2 = T M , F 3 = E, and employing the notation of 7.1 and 7.2, we find that the partial bundles appearing in Lemma 7.2 are
= T E . Therefore, given an arbitrary morphism H : E × M T M → T E in X , we find that conditions 1, 2, 3 in 7.2 are equivalent to axioms C.3, C.4, C.5 of 3.3, respectively. Hence we deduce by 7.2 that the injection ι 12 is the unique morphism H satisfying axioms C.3, C.4, C.5. This morphism H = ι 12 is clearly a section of the projection morphism π 12 = p E , T (q) : T E → E × M T M and hence is a horizontal connection on E.
Our next objective is to show that the horizontal connection H that we obtained in 7.3 is compatible with the given effective vertical connection K, in the sense that the pair (K, H) is a connection. The challenge in this regard will be to address the 'additive' axiom 3.3(C.6), and so we now return to the abstract context of 7.1 with the aim of reinterpreting this axiom.
7.4.
Again suppose we are given data as in 7.1. Let j ∈ {1, 2, 3}, and write the elements of the complement {1, 2, 3}/{j} as i, k. The endomorphisms π i ι i , π k ι k : F → F associated to the biproduct F = F 1 ⊕ M F 2 ⊕ M F 3 satisfy the equations π i ι i π j = 0 = π k ι k π j : F → F j .
(7.4.i)
Hence by 5.7 we can consider their sum
under the operation + j of addition with respect to the j-th partial bundle of the above biproduct. We deduce the following:
Lemma 7.5. In the situation of 7.4, π i ι i + j π k ι k is precisely the composite
of the projection π ik and the injection ι ik defined in 7.1.
Proof. Let s = π i ι i + j π k ι k and t = π ik ι ik , and let s n = sπ n and t n = tπ n : F → F n for each n = 1, 2, 3. By 5.8, we deduce that
where we write +, 0 for the addition operations and zero morphisms carried by the additive category DBun M . Similarly we deduce that s k = π k = t k . By 5.8 and (7.4.i) we deduce also that s j = 0 = t j . Since π 1 , π 2 , π 3 are jointly monic in X (2.1.2), the result is proved.
7.6. Again suppose we are given data as in 7.1, and let i, j, k be some enumeration of all the elements of {1, 2, 3}. Employing the notation of 7.1, the endomorphisms π ik ι ik , π ij ι ij : F → F of the biproduct F = F 1 ⊕ M F 2 ⊕ M F 3 satisfy the equations π ik ι ik π i = π i = π ij ι ij π i : F → F i . (7.6.i)
under the operation of addition with respect to the i-th partial bundle of the given biproduct. We deduce the following:
Lemma 7.7. In the situation of 7.6,
Proof. Let s = π ik ι ik + i π ij ι ij , and let s n = sπ n for each n ∈ {1, 2, 3}. By 5.8 and (7.6.i), we deduce that s i = π i : F → F i s j = π ik ι ik π j + π ij ι ij π j = 0 + π j = π j : F → F j s k = π ik ι ik π k + π ij ι ij π k = π k + 0 = π k : F → F k where we write +, 0 for the addition operations and zero morphisms carried by the additive category DBun M .
Theorem 7.8. Let K : T E → E be an effective vertical connection on E = (E, q, σ, ζ, λ).
1. There is a unique horizontal connection H : E × M T M → T E on E such that (K, H) is a connection on E. Explicitly, H is the injection
2. Moreover, given any H : E × M T M → T E in X , the following are equivalent: (a) (K, H) is a connection on E, (b) H is a horizontal connection on E and axiom 3.3(C.5) holds, (c) H is the morphism ι 12 considered in 7.3.
Proof. It suffices to prove 2. Clearly (a) implies (b). By Theorem 7.3, we know that (b) is equivalent to (c). Hence it suffices to let H = ι 12 and prove that (K, H) is a connection on E. Since (c) implies (b) it suffices to show that (K, H) satisfies axiom 3.3(C.6). Letting F 1 = E, F 2 = T M , F 3 = E, and F = T E, we know by 6.7 that F underlies a biproduct F = F 1 ⊕ M F 2 ⊕ M F 3 with first and second partial bundles T E and T E, respectively, and with projections π 1 = p E , π 2 = T (q), π 3 = K and injections ι 1 = 0 E , ι 2 = T (ζ), ι 3 = λ. Taking i = 1, j = 2, k = 3, we find ourselves in the situation of 7.6, so by Lemma 7.7 we deduce that π 13 ι 13 + 1 π 12 ι 12 = 1 F : F → F, but by Lemma 7.5 we also know that π 13 ι 13 = π 1 ι 1 + 2 π 3 ι 3 : F → F , so (π 1 ι 1 + 2 π 3 ι 3 ) + 1 π 12 ι 12 = 1 F : F → F. (7.8.i)
We claim that the latter equation is precisely axiom 3.3(C.6). To see this, first note that π 1 ι 1 = p E 0 E : T E → T E, π 3 ι 3 = Kλ : T E → T E, ι 12 = H, and π 12 = π 1 , π 2 = p E , T (q) = U : T E → E × M T M in the notation of 3.3, so our equation (7.8.i) can be rewritten as (Kλ + 2 p E 0 E ) + 1 U H = 1 T E : T E → T E since + 2 is commutative. In the terminology of 5.7, + 1 and + 2 denote the operations of addition with respect to the first and second partial bundles T E and T E, respectively, of the biproduct F = E ⊕ M T M ⊕ M E. Hence, since the addition carried by T E is T (σ) we can express Kλ + 2 p E 0 E as a composite
